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Abstract

Let X C {0,1}"™. The daisy cube @Q,,(X) is introduced as the subgraph of
@y, induced by the union of the intervals I(x,0™) over all x € X. Daisy cubes
are partial cubes that include Fibonacci cubes, Lucas cubes, and bipartite
wheels. If u is a vertex of a graph G, then the distance cube polynomial
D¢ (z,y) is introduced as the bivariate polynomial that counts the number
of induced subgraphs isomorphic to Q) at a given distance from the vertex u.
It is proved that if G is a daisy cube, then Dg on(x,y) = Cg(x+y—1), where
Ca(x) is the previously investigated cube polynomial of G. It is also proved
that if G is a daisy cube, then D¢ ,(z, —2) = 1 holds for every vertex u in G.
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1 Introduction

In this paper we introduce a class of graphs, the members of which will be called
daisy cubes. This new class contains several classes of graphs such as Fibonacci



cubes [18], Lucas cubes [26, 35], gear graphs (alias bipartite wheels) [16], and of
course hypercubes themselves.

Our main motivation for the introduction of daisy cubes are the recent investi-
gations of Saygr and Egecioglu [31, 32] in which they introduced the distance poly-
nomial (alias g-cube polynomial) and studied it on Fibonacci cubes I',, and Lucas
cubes A,. This is a bivariate counting polynomial that keeps track of the number
of subcubes that are at a given distance from the vertex 0" in I',, (resp. A,). Many
of the results obtained in [31] and [32] present a refinement of the investigation [19]
of the cube polynomial of Fibonacci cubes and Lucas cube. The latter polynomial
is a counting polynomial of induced cubes in a graph; it was introduced in [3] and
further studied in [4].

We proceed as follows. In the rest of this section we introduce some concepts
and notation needed in this paper. In the next section we formally introduce daisy
cubes, give several examples of them, and deduce some of their basic properties. In
particular, daisy cubes admit isometric embeddings into hypercubes. In Section 3
we introduce the earlier investigated cube polynomial Cg(x) of a graph G, and the
distance cube polynomial D¢ ,(z,y). In the main result of the section (Theorem 3.4)
we prove a somehow surprising fact that the bivariate distance cube polynomial of
an arbitrary daisy cube can be deduced from the univariate cube polynomial. More
precisely, if G is a daisy cube, then D¢ on(x,y) = Ce(z+y—1). Several consequences
of this theorem are also developed. In particular, if G is a daisy cube, then the
polynomials D¢ o» and Cg are completely determined by the counting polynomial
of the number of vertices at a given distance from the vertex 0”. In the final section
we prove that D¢ (2, —x) = 1 holds for every vertex u of a daisy cube G.

Let B ={0,1}. If u is a word of length n over B, that is, u = (uy,...,u,) € B",
then we will briefly write u as u; ... u,. The weight of u € B™ is w(u) = > 1, u;, in
other words, w(u) is the number of 1s in word u. We will use the power notation
for the concatenation of bits, for instance 0" =0...0 € B™.

The n-cube @), has the vertex set B", vertices u; ...u, and vy ...v, being adja-
cent if u; # v; for exactly one ¢ € [n], where [n] = {1,...,n}. The set of all n-cubes is
referred to as hypercubes. A Fibonacci word of length n is a word u = uy ... u,, € B”
such that u; - u;41 = 0 for ¢ € [n—1]. The Fibonacci cube I',,, n > 1, is the subgraph
of @,, induced by the Fibonacci words of length n. A Fibonacci word uy ... u, is
a Lucas word if in addition u; - w,, = 0 holds. The Lucas cube A,, n > 1, is the
subgraph of @),, induced by the Lucas words of length n. For convenience we also
set F(] = K1 = A(].

If uw and v are vertices of a graph G, the the interval I(u,v) between v and v (in
G) is the set of vertices lying on shortest u, v-path, that is, Ig(u,v) = {w : d(u,v) =
d(u,w) +d(w,v)}. We will also write I(u,v) when G will be clear from the context.
A subgraph H of a graph G is isometric if dg(u,v) = dg(u,v) holds for u,v € V(H).
Isometric subgraphs of hypercubes are called partial cubes. For general properties of



these graphs we refer to the books [8, Chapter 19] and [27]. See also [1, 7, 22, 23] for a
couple of recent developments on partial cubes and references therein for additional
results. If H is a subgraph of a graph G and u € V(G), then the distance d(u, H)
between u and H is min,epy(dg(u,v)). Finally, if G = (V(G), E(G)) is a graph and
X CV(G), then (X) denotes the subgraph of G induced by X.

2 Examples and basic properties of daisy cubes

Let < be a partial order on B" defined with u;...u, < v;...v, if u; < v; holds for
i € [n]. For X C B™ we define the graph @, (X) as the subgraph of @,, with

Qn(X)={ue B": u<xforsomez € X})

and say that Q,(X) is a daisy cube (generated by X ).

Vertex sets of daisy cubes are in extremal combinatorics known as hereditary
or downwards closed sets, see [15, Section 10.2]. For instance, a result of Kleitman
from [17] (cf. [15, Theorem 10.6]) reads as follows: If X, Y C B™ are hereditary sets,

then [V/(Qn(X)) NV(Qn(Y))] = [V(Qu(X))| - [V(Qn(Y))]/2".
Before giving basic properties of daisy cubes let us list some of their important
subclasses.

o If X ={1"}, then Q,(X) = Q,.
o If X ={uy...up: u;-uiy1 =0,i € [n—1]}, then Q,(X) =T,.
o If X ={uy...up: uj-ujpg = 0,0 € [n—1],and uy -u,, = 0}, then Q,(X) = A,..

o If X = {110"72,0110"73,...,0"211,10" 1}, then Q,(X) = BW,, the bipar-
tite wheel also known as a gear graph.

o If X ={u: w(u) <n-—1}, then Q,(X) = Q,, the vertex-deleted cube.

The above example which gives an equivalent description of Fibonaci cubes I,
can be rephrased by saying that X contains all words that do not contain the
subword 11. This can be generalized by defining X, k£ > 2, as the set of words that
do not contain 1¥. In this way more daisy cubes are obtained; in [21] these graphs
were named generalized Fibonacci cubes. Today, the term “generalized Fibonacci
cubes” is used for a much larger class of graphs as introduced in [13], see also [36]
for an investigation of which generalized Fibonacci cubes are partial cubes.

Note that if z,y € X and y < x, then Q,(X) = Q.(X \ {y}). More generally,
if X is the antichain consisting of the maximal elements of the poset (X, <), then
Qn()?) = Q.(X). Hence, for a given set X C B" it is enough to consider the
antichain X; we call the vertices of Q,(X) from X the mazimal vertices of Qn(X).
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For instance, let X = {u € B" : w(u) < k}. Then the maximal vertices of @Q,,(X)
are the vertices u with w(u) = k. In particular, the vertex-deleted n-cube @, can
then be represented as

Q, = Qn({u: w(u) =n—1}).

If vertices u,v € V(Q,(X)) differ in & coordinates, then it is straightforward to
construct a u, v-path in @, (X) of length k. This immediately implies:

Proposition 2.1 If X C B", then Q,(X) is a partial cube.

The isometric dimension idim(G) of a partial cube G is the least integer n for
which G' embeds isometrically into @,. For an equivalent description of idim(G)
recall that edges e = zy and f = uv of a graph G are in the relation © if d(z,u) 4+
d(y,v) # d(z,v)+d(y,u). From [9, 37] we know that a connected graph G is a partial
cube if and only if G is bipartite and © is a transitive relation. Now, idim(G) is the
number of O-classes of G.

Another classical characterization of partial cubes is due to Chepoi: A graph
G is a partial cube if and only if G can be obtained from the one vertex graph
by a sequence of expansions [6]. To explain the result, let G; and Gy be isometric
subgraphs of G and let Gy = G1 NGy # (). Then the expansion H of G with respect
to G and G is the graph obtained from the disjoint union of G; and G5 by adding
a matching between corresponding vertices in the two resulting copies of Gg. The
inverse operation of an expansion in partial cubes is called contraction. In other
words, a contraction of a partial cube is obtained by contracting the edges of a
given O-class.

After this preparation we can state two additional basic properties of daisy cubes.

Proposition 2.2 If G = Q,(X) is a daisy cube, then idim(G) = deg(0™) and a
contraction of G is a daisy cube.

Proof. Edges incident to a fixed vertex of G lie in different ©-classes. Hence
idim(G) > deg(0™). On the other hand, if the end-vertices of an edge e € E(G)
differ in coordinate 7, then e is in relation © with the edge between 0" and 0°=110"~,
Thus idim(G) < deg(0™).

Without loss of generality consider the contraction of G with respect to the ©-
class containing the edge between 0" and 10"~!. Then every edge of G between
vertices Ow and 1w (where w € {0,1}"!) is contracted to the vertex w, while any
other vertex ujus...u, of G is in the contraction replaced by the vertex us ... u,.
It is now straightforward to conclude that the contraction is a daisy cube. 0

The following observation will be important for our later studies.



Lemma 2.3 Let X C B™. Then

Qu(X) = <U IQn<x,0">> .

zeX

Proof. Let u € V(Q,(X)). We have already observed that Q,(X) = Q,(X), hence
there exists a vertex € X such that v < z. Then u € I, (,0™) and therefore
V(Qn(X)) = V(Qu(X)) C U,eslq,(2,0"). Conversely, let u € (U, 5 lo,(2,0").
Then there exists a fixed vertex z € X such that u € Ig,(z,0™). But then u <z
and consequently u € V(Q,(X)) so that U,_¢lq,(7,0") C V(Q,(X)). O

Lemma 2.3 is illustrated in Fig. 1. The figure also gives a clue why the name
daisy cubes was selected.

Figure 1: A daisy cube

3 Distance cube polynomial

Before introducing the cube polynomial and the distance cube polynomial we recall
the Cartesian product operation and describe a structure of hypercubes in products.

The Cartesian product GO H of graphs G and H has the vertex set V(G) x V (H)
and E(GOH) = {(g9,h)(¢', 1) : g¢ € E(G)and h = }/, or, g = ¢' and hh' €



E(H)}. If (g,h) € V(GOH), then the G-layer G" through the vertex (g,h) is
the subgraph of GO H induced by the vertices {(¢’,h) : ¢ € V(G)}. Similarly,
the H-layer YH through (g,h) is the subgraph of GO H induced by the vertices
{(g,h") : B € V(H)}. With pg and py we denote projection maps from GO H
onto the factors G and H, respectively.

Lemma 3.1 If Q = Qq is a subgraph of GO H, then for some k € [d — 1] we have
pc(Q) = Qx, pu(Q) = Qa—k, and hence Q = pa(Q) Upr(Q).

Proof. Let (g,h) € V(Q) and let (¢1,h),...,(gx,h) and (g, h1),...,(g, ha—r) be
the neighbors of (g,h) in Q. Since the vertices (g, h), (g1, h), and (g2, h) lie in a
unique square of @, the fourth vertex of this square must lie in G”. Inductively
applying this argument while having in mind the structure of ) we infer that the
vertices (g, h), (g1,h), ..., (gr, h) force an induced Q in the layer G", denote it
with @'. Similarly, the vertices (g, h), (g,h1),...,(g, hq_y) force an induced Qg
in the layer 9H, denote it with @”. Now, if e € E(Q') and f € E(Q") are two
incident edges, then there exists exactly one square in G H containing e and f
and this square has no diagonals. (This fact is the so-called unique square property
of the Cartesian product, see [12, Lemma 6.3].) Clearly, this square must lie in Q.
Applying this argument for each pair of incident edges from @' and Q" we conclude

that Q = pe(Q) Opu(Q). O

For a graph G let ¢x(G), kK > 0, be the number of induced subgraphs of G
isomorphic to Qg, so that ¢o(G) = |V(G)], c1(G) = |E(G)], and c2(G) is the number
of induced 4-cycles. The cube polynomial, Cg(x), of G, is the corresponding counting
polynomial, that is, the generating function

Co(r) =Y a(G)r*.

k>0

Since Ck,(r) = 24z and @, is the Cartesian product of n copies of K5, Lemma 3.1
yields:
Co.(x) = (2+2)". (1)

In [31] a g-analogue of the cube polynomial of Fibonacci cubes I',, is considered
with the remarkable property that this g-analogue counts the number of induced
subgraphs isomorphic to @y at a given distance from the vertex 0™. (For related
recent investigations on the number of disjoint hypercubes in Fibonacci cubes see [11,
24, 30].) We now introduce a generalization of this concept to arbitrary graphs as
follows.

Definition 3.2 If u is a vertex of a graph G, then let ¢, 4(G), k,d > 0, be the
number of induced subgraphs of G isomorphic to Qy at distance d from w. The
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distance cube polynomial of G with respect to u is

Dgu(z,y) = Z cra(G)aty?.

k,d>0

For the later use we note that
Deula, 1) = Calx). (2)

We also point out that if G is vertex-transitive, then D¢ ,(x,y) is independent of u.
Moreover, Lemma 3.1 implies:

Proposition 3.3 If G and H are graphs and (g,h) € V(GO H), then

Do gn)(2,y) = Dag(x,y)Dun(z,y) .

An immediate consequence of Proposition 3.3 is that if u € V(Q,,), then

Dq,u(7,y) = Dq, on(z,y) = (1 +z +y)", (3)

a result earlier obtained in [31].

We also point out that the class of daisy cubes is closed under the Cartesian
product, a fact which further extends the richness of the class of daisy cubes.

Let H be an induced hypercube of @),,. Then it is well-known that there exists
a unique vertex of H with maximum weight, we will call it the top vertex of H and
denote it with ¢(H). Similarly, H contains a unique vertex with minimum weight to
be called the base vertex of H and denoted b(H ). Furthermore H = (I(b(H),t(H))).

We are now ready for the main result of this section.

Theorem 3.4 If G is a daisy cube, then Dgon(z,y) = Co(z +y —1).

Proof. Let G = Q,(X) and X = {z1,. .. ,xp} be the maximal vertices of G. We
thus have V/(G) = U,y 1(07, z:).

An induced k-cube H of @), is an induced k-cube of G if and only if t(H) € V (G).
Similarly an induced k-cube H of @, is an induced k-cube of (I(0",z)) if and only
if t(H) € I(0™, ).

For any k-cube H of @,, and any subset T of V(Q,,) let 15(T) =1if t(H) € T,
and 1y (7T") = 0 otherwise. Let Hy 4 be the set of induced k-cubes of @, that are
at distance d from 0", and let Hj be the set of induced k-cubes of @),,. Using this
notation we have

Do (a,y) =33 3 14(V(@)aty! (4)

d HEHk,d
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and

Ca(2) =) Y 1u(V(G))Z". ()

k HEH,
By the inclusion-exclusion principle for the union of sets Ay, ..., A, we thus have
1((JA)= D ()1 4).
i€[p] JC[p],J#D ieJ
Therefore,
Lr(V(G) = Lu(|J 100" @) = D (=DM () 1007, @)
1€[p] JC[p],J#£D ieJ

Changing the order of summation in (4) and (5) we obtain

DG,O"(xvy) = Z (_1)‘J|_1D<mi€J1(07l7mi)>707l(x7y)
JClp],J#0

and
— _ 1\IJ|-1
Ca(z) = Z (1) C(mie] 1(0m ;) (2).
JC[p],J#D

Note that for arbitrary vertices u, v of @, we have I(0",u)NI(0" v) = I1(0",uAv),
where (u Av); = 1 if and only if u; = 1 and v; = 1. The same property extends to
the intersection of an arbitrary number of intervals. So (,.; 1(0", z;) is an interval
that induces a hypercube with base vertex 0". From (1) and (3) we see that the

asserted result of the theorem holds if G is an induced hypercube with base vertex
0™. Therefore,

Dy rom ) on (@) = Ol ron ) (@ Ty = 1)
and we are done. O
Theorem 3.4 has the following immediate consequence.
Corollary 3.5 If G is a daisy cube, then Dgon(z,y) = D on(y, ).

This corollary in other words says that for any integers k, d the number of induced
k-cubes at distance d from 0" in a daisy cube G is equal to the number of induced
d-cubes at distance k from 0.

To obtain another consequence of Theorem 3.4 we introduce the counting poly-
nomial of the number of vertices at a given distance from a vertex u as follows.



Definition 3.6 If u is a vertex of a graph G, then let wy(G), d > 0, be the number
of vertices of G at distance d from u. Then set

Weu(x) =Y wy(G)

d>0

With this definition in hand we can state the following important consequence
of Theorem 3.4.

Corollary 3.7 If G is a daisy cube, then
.DG707L (,’L‘, y) = WG707L (LU + y) and CG(ZZ}') = WG,O” (LU + 1) .

Proof. From Theorem 3.4 we get C(x) = Dgon(0,z + 1). Since by the definition
of the polynomials D¢ ¢ (0, 2) = Wg on(2) holds, and consequently D¢ gn (0, 2+1) =
Weon(x + 1), we conclude that Cg(z) = W on(z + 1).

Using Theorem 3.4 again and the already proved second assertion of the corollary
we get the first assertion: Dgon(x,y) = Co(z +y — 1) = Weon(z + y). O

So if G is a daisy cube, then the polynomials Dgog» and Cg are completely
determined by Weg on.

Consider first the hypercube @,,. Since the number of vertices of weight k in @),
is (}), we have Wq, on(z) = (1 4+ )". Hence from Corollary 3.7 we obtain again
Co,(x) =2+ x)" and Dg, on(z,y) = (L + 2 +y)"

For the Fibonacci cube I',, it is well-known that the number of vertices at distance

k from 0" is ("~ kH) Therefore Wr, on(z) = ZIL- 0 ] ("~ k“)xk and we deduce that

Cr, ( Lif("_:+1)ﬂ+x)

a result first proved in [19, Theorem 3.2] and that

E (n_ZJrl)(“y)a

L

U n—k—d+1\ [(k+d Ny
k+d a )tY

d=0

1

+

(]2

Dr, on(z,y) =

I
_
3 2
M‘+ ]
= O

bl
o

a result obtained in [31, Proposition 3].



For the Lucas cube A,, we have Wy, on(x) = Z,&jg 2 (”;k) - ("‘,’j_l)} 2*. There-
fore,
]

=S () (e

k=0
which is [19, Theorem 5.2]. We note in passing that in [19, Theorem 5.2] and
[19, Corollary 5.3| there is a typo stating (” k“) instead of ("_,'j_l). Moreover,
Corollary 3.7 also gives that

Dy, on(,y) = 2 [Q(n;k) - (n_llj_ 1)] (x+y)"

4 A tree-like equality for daisy cubes

If G is a daisy cube, then the values of D¢, (z,y) and Wg.(x,y) depend on the
choice of the vertex u. We demonstrate this on the vertex-deleted 3-cube Q5.

()5 contains three orbits under the action of its automorphism group on the
vertex set. Consider their representatives 000, 100, and 110, for which we have the
following polynomials:

. WQ oo0(T) = 1+ 3z + 322,

Q ,000 y) =1+ 3y + 3y + 3z + 6xy + 327

(,
o Q 100(®) = 1432 + 227 + 2%,
Do 00(T:y) = 1+ 3y + 202 + y° + 2(3 + dy + 2y°) + 222 + y);

* WQ 110(®) = 1422 + 327 + 2%,
D 110(7, y) =1+ 2y+3y*+ v+ x(2 + 4y + 3y?) + 22(1 + 2y).

Note that DQQ,u(y,x) # Dngu(az,y) except for v = 0". In addition, there is no
obvious relation between Dy, and W- . On the other hand, C—(z) =7+ 9z +
3z?%, and we observe that D= (2, —x) = C-(—1) =1 holds for any vertex u.

Recall that a connected graph G is median if |I(u,v) N I(u,w) N I(v,w)| = 1
holds for any triple of vertices u, v, and w of G. It is well-known that median graphs
are partial cubes, cf. [20, Theorem 2]. Soltan and Chepoi [34] and independently
Skrekovski [33] proved that if G is a median graph then Cg(—1) = 1. This equality
in particular generalizes the fact that n(7)) — m(7T") = 1 holds for a tree 7. Hence
if a daisy cube G is median (say a Fibonacci cube), then by Theorem 3.4 we have
D¢ on(z,—z) = 1. Our next result (to be proved in the rest of the section) asserts
that this equality holds for every daisy cube and every vertex.
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Theorem 4.1 If G is a daisy cube, then D¢, (x,—x) = 1 holds for every verter u
n G.

The following consequence extends the class of partial cubes G for which Cg(—1) =
1 holds.

Corollary 4.2 If G is a daisy cube, then Cg(—1) = 1.

Proof. By Theorem 3.4 we have Cg(—1) = Dggn(z, —2). Theorem 4.1 completes
the argument. 0

In the rest the following concept from [10] (see also [5]) will be useful. A subgraph
H of a graph G is called gated if for every u € V(G), there exists a vertex z € V(H)
such that for every v € V(H) the vertex x lies on a shortest u, v-path. If such a
vertex exists, it must be unique and is denoted my(u). For us it is important that
sub-hypercubes in partial cubes are gated, cf. [29, p. 2122]. (We note in passing
that Berrachedi [2] characterized median graphs as the connected graphs G in which
intervals induce gated subgraphs.)

Recall that if u,v € V(Q,), then u A v is the vertex with (uAv); = 1 if and only
if u; = 1 and v; = 1. The following fact is straightforward.

Lemma 4.3 Ifu and v are vertices of Q,, and G = (I(0",v)), then mg(u) = u Av.

Lemma 4.4 Let c € V(Q,,) and let u be a vertex from I(0™, c). Then for any vertex
b of Qn we have T(r(on )nr(om b)) (W) = T(r(om ) (1)

Proof. Since u belongs to 1(0",¢) we have u A ¢ = uw and I(0",¢) N 1(0™,b) =
I(0™, ¢ A'b). Therefore, having in mind Lemma 4.3,

Trom,oniomp) (W) = Tromens) ()
= uANcAb=uAb

= T(I(0™,b)) (u)

O

Let u be vertex of @), and let G be a fized subgraph of @),,. Then we can
naturally extend the definition of the distance cube polynomial D¢ ,(z,y) also to
the case when u ¢ V(G). Note that in order that Dg ,(z,y) is well-defined in such
a case, together with u and G we also need the embedding of G into @,.

Lemma 4.5 Ifu,be V(Q,) and G = (I(0",b)), then

Dgu(w, —x) = (—z)"%

11



Proof. The contribution of some induced k-cube H of G to the polynomial D¢ (2, y)
is 2%y° where § = d(u, H). Because intervals are gated in median graphs and hence
in hypercubes, see [20, Theorem 6(vi)], we have

0 =d(u,mg(u)) + d(rg(u), H) .

Therefore D¢, (2,y) = y**“9 D¢ 1oy (2, y). Since G is a hypercube, thus a vertex-

transitive graph, and mg(u) belongs to G, we have
D¢ rgwy(z, —x) = Dgon(z, —x) = 1.
We conclude that Dg,(z, —1) = (—x)4w5). 0

Proof (of Theorem 4.1). Assume that G = Q,(X) with X = {z;,i € I} thus
V(G) = U;e; 1(0", 2;). By inclusion-exclusion formula,

Dealw, =)= > (=)D ygnyule—2). (6)
JCI,J#0

Since

ey 1(0", 2;) is some interval 1(0",b;), Lemma 4.5 implies that

D(mieJ I(On,xi)>vu(l’> _113') = (_l')d(%<nie‘]l(0n7xi))> .

Let ip € I such that u belong to (0", x;,) and let I’ = I\ {ip}. For every subset
J' of I' consider the pair {J', J'U{ip}}. We obtain the following partition of the
power set P(I)
P = {707 udioh)}
Jcr
If J" is not empty then by Lemmas 4.3 and 4.4 we have

d(u, (Nicsugioy (07, 24))) = d(u, (Mies 10", 25)))

and since |J' U {ig}| = |J'| + 1, the sum of contribution in equation (6) of J' and
J' U{io} to Dgu(x, —x) is null. Therefore the only term remaining corresponds to

the pair {0, {io}}. Thus D¢, (z, —z) = (—x)d(“’<1(0”’wio)>) —1. O

5 Concluding remarks

In this paper we have introduced daisy cubes and showed that they possess some
appealing properties. Further investigation of the structure of daisy cubes would be
in place and seems interesting. We pose here some related open problems.

As already mentioned, Chepoi [6] characterized partial cubes as the graphs ob-
tainable from K; by a sequence of expansions. Such a characterization was ealier
done for the case of median graphs in [25] and later for different additional subclasses
of partial cubes, cf. [7, 14, 28, 29].
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Problem 5.1 Do daisy cubes admit a characterization in terms of an expansion
procedure?

A positive answer to the next question would yield another characterization of
daisy cubes.

Problem 5.2 Does the converse of Theorem 3.4 hold?
Similarly, we also ask:

Problem 5.3 Does the second equality of Corollary 3.7 implies that G is a daisy
cubes, that is, are daisy cubes characterized by this equality?
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